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In the presence of the Hubbard interaction, graphene zigzag nanoribbons have spontaneous edge
magnetism with anti-parallel configuration in the ground state. We studies the edge magnetism of
zigzag nanoribbon with bilayer/monolayer(/bilayer) structure. The exchange energy depends on the
vertical gate voltage and the transversal electric field. If the transversal electric field exceeds a critical
value, the edges at certain open boundaries are demagnetized. As the transversal electric field slowly
varies and periodically exceeds the critical values at positive and negative directions, the adiabatic
evolution of the quantum state enters a hysteresis loop. The bilayer/monolayer(/bilayer) nanoribbon
is switched between the ground state and the first quasi-stable excited state (two degenerated quasi-
stable excited states) with different configuration of the edge magnetism. The study of the electrical
driven switching of edge magnetism in graphene systems could benefit the spintronic applications.
PACS numbers: 00.00.00, 00.00.00, 00.00.00, 00.00.00
I. INTRODUCTION
Zigzag nanoribbons of graphene are applicable candi-
dates as integrable spintronic devices [1, 2], which could
reduce the Joule heating. Edge transport of the zigzag
nanoribbons could be robust because of the topological
properties of the edge states [3–5]. In the presence of
substrate proximity effect [6–14], adatom doping [15, 16]
or intercalation doping [17] that induces large spin-orbit
couplings (SOCs) in graphene, topological phase tran-
sition to quantum spin Hall phase [18, 19] or quantum
anomalous Hall phase [20–22] occurs, which host heli-
cal edge states or chiral edge states, respectively. For
pristine graphene, chiral edge states appear at the in-
terface between two regions with opposite valley Chern
number, which can be realized in monolayer or bilayer
[23–29] graphene. In bilayer graphene, the valley Chern
number is determined by gate voltage and stacking order,
so that reversing one of them across the interface induce
the topological states, which is designated as zero-line
modes (ZLMs) [30–33]. In a zigzag nanoribbon with bi-
layer/monolayer/bilayer structure, the monolayer section
performs as interface between gated bilayer graphene,
which has bulk gap and hosts the chiral edge states [34].
In this structure, reversal of stacking order of the two
bilayer sections is obtained without strain, so that ex-
perimental realization is more feasible.
In the presence of Hubbard interaction, the zigzag edge
host spontaneous magnetism, which have been vastly
studied in monolayer zigzag nanoribbons [35–73]. The
magnetic moment in each zigzag edge is due to uneven
population of spin up and down electron at the zigzag
edge states. In a narrow zigzag nanoribbon, the edge
magnetism at the two zigzag edges interact with each
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other by superexchange interaction [46]. The zigzag
nanoribbon is gapped or gapless, depending on whether
the two magnetic moments are antiparallel or parallel to
each other, respectively. Proposal to use this property
in integrated spintronic nano-devices has been studied
[56, 74, 75], such as spin valve [76]. In the additional
presence of SOCs, the edge magnetism modifies the topo-
logical phase diagram, which in turn changes the proper-
ties of the topological edge states [77]. Recently, experi-
mental fabrication of stable zigzag nanoribbons [78] and
measurement of the edge magnetization [79, 80] make the
application of such systems more feasible.
In this paper, the edge magnetism of zigzag nanorib-
bon with more complicated structures are studied.
The zigzag nanoribbons with bilayer/monolayer and bi-
layer/monolayer/bilayer structures have four and six
zigzag edges, respectively. Comparing to the zigzag
nanoribbon with monolayer structure, our systems in-
clude more configurations of the edge magnetism. Itera-
tion solver based on mean field approximation gives the
energy and band structure of the states with different
magnetic configurations. The configuration(s) with the
lowest (higher) energy is (are) ground state (quasi-stable
excited states).
In the presence of slowly varying transversal electric
field, the adiabatic evolutions of the systems are studied.
The evolution starts from the ground state or one of the
quasi-stable excited state in the absence of the transver-
sal electric field. In each following steps, the transver-
sal electric field increases or decreases for a small value.
As the transversal electric field changes, the band struc-
ture is obtained from convergent solution of the iteration
solver whose initial condition is the quasi-stable state of
the previous step. Because the evolution is adiabatic,
the physical time for the evolution in each step is as-
sumed to be long enough, so that the system relaxes to a
quasi-stable state. We consider the bilayer/monolayer
structure with three zigzag terminations at the open
2boundaries and one zigzag termination in the middle of
the nanoribbon; the bilayer/monolayer/bilayer structure
with four zigzag terminations at the open boundaries
and two zigzag terminations near to the middle of the
nanoribbon. The local potential at the open boundaries
(in the middle) of the nanoribbon are strongly dependent
(independent) on the transversal electric field. When the
magnitude of the transversal electric field exceeds a crit-
ical value, the zigzag edges at the open boundaries are
demagnetized, while those in the middle of the nanorib-
bon remain being magnetized. Since the ground state
and the quasi-stable excited states are distinguished by
the configurations of the edge magnetism, the demagne-
tization make the states become degenerated. When the
magnitude of the transversal electric field decrease across
the critical value, the zigzag edges at the open boundaries
are spontaneously magnetized. Depending on the sign of
the transversal electric field and the magnitude of the
vertical gate voltage, the magnetization chooses different
configurations. Thus, when the transversal electric field
slowly approaches zero, the system is evolved to different
states. As the transversal electric field slowly varies and
periodically exceeds the critical values at positive and
negative directions, the adiabatic evolution of the quan-
tum state enters a hysteresis loop. As the transversal
electric field reaches zero from being positive or nega-
tive, the system evolves to the quantum states (ground
state or quasi-stable excited states) with different mag-
netic configurations and band structures. The scheme
to implement electric control of edge magnetism in car-
bon based nano-structures without multiferroic materials
[81] could bring vast application potential for integrated
spintronic.
This article is organized as following: In section II,
the tight binding model with Hubbard interaction and
the simulation methods are reviewed. In section III, the
static band structure and the adiabatic evolution of the
nanoribbon with bilayer/monolayer structure are stud-
ied. In section IV, those of the nanoribbon with bi-
layer/monolayer/bilayer structure are studied. In section
V, the conclusion is given.
II. THEORETICAL METHOD
The tight binding model with Hubbard interaction is
given as
H = −t
∑
〈i,j〉,σ,κ
c†i,σ,κcj,σ,κ − t⊥
∑
〈iκ,jκ¯〉,σ
c†i,σ,κcj,σ,κ¯
+V
∑
i,σ,κ
κc†i,σ,κci,σ,κ − |e|Et
∑
i,σ,κ
(xi − xc)c
†
i,σ,κci,σ,κ
+U
∑
i,κ
ni,σ,κni,σ¯,κ (1)
where t (t⊥) is the hopping parameter between the intra-
layer (inter-layer) nearest neighbor lattice sites, 2V is the
inter-layer potential difference due to the vertical gate
voltage, Et is the transversal electric field along the width
direction (xˆ direction), U is the strength of the Hubbard
interaction, i and j are the lattice indices of each layer,
κ = ±1 represents the top and bottom layers, σ = ±1
represents spin up and down, κ¯ = −κ and σ¯ = −σ. The
summation of the first term cover the intra-layer nearest
neighbor lattice sites; that of the second term cover the
inter-layer nearest neighbor lattice sites. The operator
c†i,σ,κ (ci,σ,κ) is the creation (annihilation) operator of
the pi electron on the i-th lattice site of the κ layer and
σ spin, and ni,σ,κ = c
†
i,σ,κci,σ,κ is the number operator.
In our calculation, we assume the parameters as t = 2.8
eV, t⊥ = 0.39 eV, and U = t.
By applying the mean field approximation, the Hub-
bard interaction is approximated as
U
∑
i,κ
ni,σ,κni,σ¯,κ ≈ U
∑
i,κ
ni,↑,κ〈ni,↓,κ〉+ ni,↓,κ〈ni,↑,κ〉
(2)
where 〈ni,σ,κ〉 is the expectation of the number operator.
For the system with fixed V and Et, the tight binding
model is self-consistently solved by iteration. In each
iteration step, 〈ni,σ,κ〉 is obtained by summing the prob-
ability density of all quantum states from the previous
iteration step, with the occupation factor given by the
Fermi-Dirac function with Fermi energy EF and temper-
ature T . We assume room temperature in our numeri-
cal calculation. Because the system breaks particle-hole
symmetric, the intrinsic Fermi energy is not zero. As
a result, in each iteration step, an extra iteration is re-
quired to determine the Fermi energy by the condition
of total charge conservation. In our calculation, we as-
sume that the whole system is half-filled. The iterative
solutions converge to different magnetic configurations if
〈ni,σ,κ〉 at the initial step have different magnetic polar-
ization, 〈mi,κ〉 ≡ 〈ni,+,κ〉 − 〈ni,−,κ〉, near to each zigzag
edge. The solution with the lowest energy is the ground
state, and the other solutions with higher energy are the
quasi-stable excited states.
The adiabatic evolution with fixed V and slowly vary-
ing Et is studied by the iterative method. At first, the
ground state or the first excited state with Et = 0 is
obtained by the iterative solver. In each of the follow-
ing evolution step, Et is changed for a small value. In
each evolution step, the iterative solution start from the
initial state, which is the convergent solution of the previ-
ous evolution step. Thus, the convergent solution of the
iteration is the quantum state of the current evolution
step. The transversal electric field is assumed to evolve
as −Et(k) = Et0 sin(kpi/NE), with Et0 being the maxi-
mum magnitude of Et and k being the index of the evo-
lution step. With NE being large enough, the change of
Et in each evolution step is small. We assume NE = 180
in our calculation.
3III. NANORIBBON WITH
BILAYER/MONOLAYER STRUCTURE
A. The Static Band Structure
The structure of the bilayer/monolayer graphene
zigzag nanoribbon is plotted in Fig. 1. The nanorib-
bon is on the x-y plane with the longitudinal axis along
the y axis and the width direction along the x axis. The
zigzag edges are along the y direction. Along the width
direction, the bottom layer contains N1 + N2 = N rect-
angular unit cells, each of which contains four carbon
atoms. The first N1 unit cells are covered by the top
layer with AB stacking order. The zigzag nanoribbon,
designated as Z(N1,N2), contains four zigzag edges. We
designate the composite index of lattice site (i, κ) at each
zigzag termination as following: the zigzag terminations
at left open boundary of the top and bottom layers as
ZtL and Z
b
L, respectively; the zigzag termination at the
bilayer/monolayer boundaries as ZtBM ; the zigzag termi-
nation at the right open boundary as ZbR.
In the absence of the transversal electric field, all
zigzag edges have spontaneous magnetism. The mag-
netic moment at the termination of each zigzag edge
could be either upward or downward. Thus, there are
eight nonequivalent magnetic configurations. The band
structures of all magnetic configurations with V = 0.1
eV are calculated by the iterative solver. The magnetic
configuration and band structure of the ground state are
plotted in Fig. 1(a) and (c), respectively. The magnetic
configuration with the lowest energy obeys these rules:
the magnetic moments at ZtL and Z
b
L are parallel; the
magnetic moments at ZbL and Z
b
R (Z
t
L and Z
t
BM ) are an-
tiparallel. In the absence of the Hubbard interaction, the
edge states form the flat bands at energy ±V , because
the states are localized near to the zigzag terminations.
The bulk states in the monolayer section should have the
dispersion as Dirac cone at energy −V , but the finite
size effect gaps out the band dispersion near to the K
and K′ points. In the presence of the Hubbard inter-
action, the flat bands are bent because of the presence
of spatial-dependent effective antiferromagnetic exchange
field. The localization of the edge states is weaken, so
that the gaps due to finite size effect near to the K and
K′ points are enlarged.
The quasi-stable excited states are obtained from the
ground state by flipping the magnetic moment at one
of the zigzag termination. The interedge interaction be-
tween ZbL and Z
b
R is small because of the large distance
between the two edges. Thus, the first quasi-stable ex-
cited state is obtained by flipping the magnetic moment
at ZbR, whose magnetic configuration and band struc-
ture are plotted in Fig. 1(b) and (d), respectively. After
flipping the magnetic moment at ZbR, a domain wall of
the effective antiferromagnetic exchange field is induced
in the middle of the nanoribbon. Thus, a pair of chiral
edge states for each spin appear, which are gapless at K
and K′ valleys. For spin up and down, the valley veloc-
FIG. 1: (a,b) Atomic configuration of the zigzag nanoribbon
with bilayer/monolayer structure. The numbers of rectangu-
lar unit cells along the width direction for the bilayer and the
monolayer section are marked on the figures. The structural
parameters are (N1 = 6, N2 = 6). For the ground state and
the first quasi-stable excited state, 〈mi,κ〉 is represented by
the arrows in (a) and (b), respectively; the band structures
are plotted in (c) and (d), respectively. The bands of spin up
and down are plotted as blue (solid) and red (dashed) lines,
respectively. The system parameters are V = 0.1 eV and
Et = 0. The bands with U = 0 is plotted as black (thin) lines
are comparison. The parallel purple (thin) line represents the
Fermi level.
ities (velocity at K valley minus that at K′ valley) are
opposite to each other, so that the system hosts dissi-
pationless spin-valley current at the intrinsic Fermi level
[82–84]. Flipping the magnetic moment at ZbL or Z
t
L
(ZtBM ) largely increases the energy due to the interedge
interaction between ZbL and Z
t
L (Z
t
BM and Z
t
L), so that
quasi-stable excited states with much higher energy are
obtained.
B. The Adiabatic Evolution
As the slowly oscillating transversal electric field with
Et0 = 0.48 V/nm is applied, the evolution starting from
the ground state with V = 0.1 eV is represented by the
4FIG. 2: The hysteresis loop of the adiabatic evolution of
the zigzag nanoribbon with bilayer/monolayer structure. The
structural parameters are (N1 = 6, N2 = 6). The vertical
gate voltage is V = 0.1 eV. The transversal electrical field Et
slowly oscillates between ±0.46 V/nm. The sequence of the
quantum state in the evolution is circulating as [1] → · · · →
[10] → [1]. The vertical dashed lines marks the critical value
of Et. At E
c1
t , E
c2
t , E
c3
t , E
c4
t , (de)magnetization of the zigzag
edge at ZbL, Z
t
L and Z
b
R, Z
b
L and Z
b
R, Z
t
L occurs, respectively.
The distribution of magnetic moment of the ten states in the
hysteresis loop are plotted in the bottom.
hysteresis loop in Fig. 2. The y axis in Fig. 2 that char-
acterizes the quantum state is the total magnetic moment
M , which is the sum of 〈mi,κ〉 over all lattice sites. As
the system evolves, the quantum state evolves from [1]
to [10] in sequence, and then circles back to [1]. The
snapshot of the magnetic configurations at the typical
steps along the hysteresis loop, i.e. the quantum states
marked as [1] to [10], are plotted at the bottom part of
Fig. 2. As −Et changes across the critical values E
c(1−4)
t ,
(de)magnetization of certain zigzag edges occurs. The
(de)magnetization and the critical value are analyzed as
the following.
At the ground state (initial state), the magnetic mo-
ments at ZbL and Z
t
L are antiparallel to those at Z
b
R and
ZtBM , so thatM is nearly zero. The magnitudes of 〈mi,κ〉
at the zigzag terminations are given by the numerical
result as |〈m0Z〉| ≈ 0.28, with Z ∈ {Z
b
L, Z
b
R, Z
t
L, Z
t
BM}.
At ZbL or Z
t
L (Z
b
R or Z
t
BM ) the populations of spin up
(down) electron is larger than that of spin down (up) elec-
tron, because the edge band of spin up (down) is below
(above) the Fermi level. As −Et increases (−Et > 0),
charge relaxation occurs due to the tilted local poten-
tial, i.e. charge at the right side of the nanoribbon is
relaxed to the left side. Because of the magnetization
at ZbR, the spin down electrons at Z
b
R are pushed to the
left side of the nanoribbon. The local potential at ZbL is
smaller than that at ZtL due to the vertical gate voltage,
so that the spin down electrons are filled into ZbL. As a
result, |〈m0
Zb
L(R)
〉| are slight decreased. As −Et exceeds
a threshold, the local potential at ZbL and Z
b
R overcome
the effective exchange fields induced by the spontaneous
magnetism, i.e. the edge bands of both spin are above
and below the Fermi level, respectively. Thus, the two
zigzag edges are sharply demagnetized. The threshold is
given as
(3N − 1)ac
2
|e|Ec3t ≈
fc
2
U |〈m0Z〉| (3)
where ac is the bond length and (3N−1)ac is the width of
the bottom nanoribbon, fc is a numerical factor that fits
the numerical result. Before −Et reaches the threshold,
|〈m0
Zb
L(R)
〉| has already been decreased for a small value,
so that fc is smaller than one. The demagnetization can
be visualized from the change between the spatial dis-
tribution of the magnetic moment at [1] and [2] states
in Fig. 2. Similarly, demagnetization at ZtL and Z
t
BM
occurs at the critical transversal electric field, which is
given as
(3N1 − 1)ac
2
|e|Ec4t ≈
fc
2
U |〈m0Z〉| (4)
However, ZtBM is not completely demagnetized. As −Et
further increase, |〈m0Z〉| at Z
t
BM slowly increase, as shown
in Fig. 2.
In the next stage of the adiabatic evolution, −Et slowly
decreases (while remaining −Et > 0). As −Et passes
Ec4t , Z
t
L and Z
t
BM are magnetized to the original con-
figuration, because previously ZtBM was not completely
demagnetized and the interedge interaction between the
two edges favors the antiparallel configuration. As −Et
further decreases and passes Ec3t , Z
b
L and Z
b
R are mag-
netized. ZbL is magnetized to the original direction, be-
cause the interedge interaction between ZbL and Z
t
L fa-
vors parallel configuration. The magnetization of ZbR
is determined by the competition among three pairs of
interedge interactions: (ZbR ⇔ Z
t
L), (Z
b
R ⇔ Z
b
L), and
(ZbR ⇔ Z
t
BM ), all of which favor the antiparallel config-
uration. The interedge interaction (ZbR ⇔ Z
t
L) is inter-
layer with large distance, so that it is the weakest. The
interedge interaction (ZbR ⇔ Z
b
L) is intra-layer with large
distance, and the interedge interaction (ZbR ⇔ Z
t
BM ) is
inter-layer with small distance. Thus, the strength of the
two interedge interactions are similar. In this stage of the
evolution, we have −|e|Et > 0 and V > 0. By increasing
5the vertical gate voltage V , the difference of local poten-
tial between ZbR and Z
t
BM , which is −|e|EtN2ac − 2V , is
decreased. Thus, the interedge interaction (ZbR ⇔ Z
t
BM )
is enhanced. On the other hand, the vertical gate voltage
does not change the interedge interaction (ZbR ⇔ Z
b
L), be-
cause the two edges are at the same layer. With V = 0.1
eV , the interedge interaction (ZbR ⇔ Z
t
BM ) is larger than
the interedge interaction (ZbR ⇔ Z
b
L). Thus, the direction
of the magnetization at ZbR is determined by the interedge
interaction (ZbR ⇔ Z
t
BM ). As a result, the magnetic con-
figuration is evolved to the quantum state [5], instead of
returning to the quantum state [1]. On the other hand,
if the vertical gate voltage V is not large enough, the
direction of the magnetization at ZbR is determined by
the interedge interaction (ZbR ⇔ Z
b
L). Thus, the mag-
netic configuration is evolved back to the quantum state
[1]. Continuing from the quantum state [5], as −Et de-
crease to zero, the system evolves to the first quasi-stable
excited state, which have large total magnetic moment.
We should emphasize that the mechanism of the mag-
netization during the adiabatic evolution is not due to
dynamical interaction, since the Hamiltonian does not
include any spin flipping term. The magnetization is due
to the thermal relaxation in each step of the adiabatic
evolution. If the spin flipping process is strictly forbid-
den, as−Et changes, the Fermi levels of spin up and down
electrons are different. We assume that the spin flipping
process could occur in the thermal relaxation. Since the
physical time in each evolution step is assume to be long
enough for the thermal relaxation, the Fermi levels of two
spins are convergent to the same value. In this process,
the total magnetization of the system could be changed.
In the numerical calculation, there is only one Fermi level
in the iterative solver, so that the outcome of the ther-
mal relaxation is obtained. In realistic graphene-family
material, the vertical gate voltage induces small Rashba
SOC, which allows the spin flipping process in the ther-
mal relaxation [85]. As long as the physical time in each
evolution step is longer than the spin relaxation time, the
adiabatic approximation is proper.
In the following stage of the adiabatic evolution, −Et
becomes negative with increasing magnitude. Due to
the charge relaxation, |〈m0
Zb
L
〉|, |〈m0
Zt
L
〉| and |〈m0
Zb
R
〉| are
slight decreased. Because the vertical gate voltage in-
duces positive (negative) local potential at top (bottom)
layer, the magnitude of total local potential at ZtL and
ZbR are larger than that at Z
b
L. As a result, when −Et
reaches the critical value Ec2t , Z
t
L and Z
b
R are demagne-
tized, while ZbL remain magnetized. The critical value is
given as
(3N − 1)ac
2
|e|Ec2t ≈ V −
fc
2
U |〈m0Z〉| (5)
As the magnitude of −Et further increases, charge relax-
ation occurs between ZbL and the monolayer section of
the nanoribbon. Combining the effect of V and −Et, the
0.04 0.06 0.08 0.1
V (eV)
-0.3
-0.2
-0.1
0
0.1
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FIG. 3: The critical value of −Et in the hysteresis loop
versus the vertical gate voltage V . The structural parameters
are (N1 = 6, N2 = 6). Numerical results of E
c1
t , E
c2
t , E
c3
t ,
Ec4t are plotted as black dots, blue empty dots, red stars,
green triangles, respectively. The analytical formulas that are
fit to the numerical results are plotted as black (solid), blue
(dashed), red (dotted), green (dash-dotted) lines, respectively.
critical value that ZbL is demagnetized is given as
(3N1 − 1)ac
2
|e|Ec1t ≈ −V −
fc
2
U |〈m0Z〉| (6)
Because−Et does not change the local potential at Z
t
BM ,
|〈m0
Zt
BM
〉| is hardly changed.
In the last quarter of the adiabatic evolution, the mag-
nitude of −Et slowly decreases. As −Et reaches E
c1
t , Z
b
L
is magnetized to the original direction, because the in-
teredge interaction between ZbL and Z
t
BM favors the an-
tiparallel configuration. As −Et reaches E
c2
t , Z
t
L and Z
b
R
are magnetized. ZtL is magnetized to the original direc-
tion, because the interedge interaction (ZtL ⇔ Z
b
L) favors
the parallel configuration, and the interedge interaction
(ZtL ⇔ Z
t
MB) favors the antiparallel configuration. The
magnetization of ZbR is again determined by the com-
petition between the two pairs of interedge interactions:
(ZbR ⇔ Z
b
L), and (Z
b
R ⇔ Z
t
BM ). In this stage of the evolu-
tion, we have −|e|Et < 0 and V > 0, so that the vertical
gate voltage effectively decreases the interedge interac-
tion (ZbR ⇔ Z
t
BM ). The interedge interaction (Z
b
R ⇔ Z
b
L)
dominates, so that ZbR is magnetized to have antiparallel
configuration with ZbL. Thus, the magnetic figuration is
evolved to the quantum state [10], instead of returning to
the quantum state [6]. As the magnitude of −Et decrease
to zero, the system evolves to the ground state. So far,
the evolution completes one hysteresis loop.
The two critical steps in the hysteresis loop are the
evolution from [4] to [5], and from [9] to [10]. If the
maximum magnitude of −Et is smaller than E
c2
t and
Ec3t , the adiabatic evolution always return to the ground
state. If the maximum magnitude of −Et is smaller than
6FIG. 4: (a,c,e,g) Atomic configuration of the zigzag nanoribbon with bilayer/monolayer/bilayer structure. The numbers of
rectangular unit cells along the width direction for the left, middle and right section are marked on the figures. The structural
parameters are (N1 = 6, N2 = 1, N3 = 6). The magnetic configuration 〈mi,κ〉 of each quantum state is represented by the
arrows. The corresponding band structures are plotted in (b,d,f,h). The bands of spin up and down are plotted as blue (solid)
and red (dashed) lines, respectively. The system parameters are V = 0.1 eV and Et = 0. The parallel purple (thin) line
represents the Fermi level. The quantum states in (a,b) and (c,d) are the ground state and the first quasi-stable excited state.
The quantum states in (e,f) and (g,h) are the degenerated second quasi-stable excited state.
Ec1t and E
c4
t , but larger than E
c2
t and E
c3
t , the adiabatic
evolution can still enters the hysteresis loop. According
to the description of the magnetization at ZbR in these
two critical step, the decisive reason of entering the hys-
teresis loop is that the combination of the transversal
electric field with different sign and the sizable vertical
gate voltage changes the competition between the two
interedge interactions: (ZbR ⇔ Z
b
L) and (Z
b
R ⇔ Z
t
BM ).
Adiabatic evolutions with varying V are numerically cal-
culated, which found that |V | > 0.035 is required for
entering the hysteresis loop. The critical value of −Et
where the (de)magnetization occurs versus the vertical
gate voltage is extracted from the numerical result, as
shown in Fig. 3. By fitting the analytical formula in
Eq. (3-6), the numerical factor fc = 0.804 is obtained.
Because of the selective magnetization at the two criti-
cal steps, the adiabatic evolution follow the anticlockwise
direction of the hysteresis loop. If Et0 < 0 is assumed,
the first two quarters of the evolution follows the path:
[1]⇒ [10]⇒ [9]⇒ [8]⇒ [9]⇒ [10]⇒ [1], and returns to
the ground state. The following evolution enters the hys-
teresis loop in the anticlockwise direction. The ground
state and the first quasi-stable are gapped and gapless,
respectively, so that the conductance of the nanoribbon
is alternatively switched off and on in the hysteresis loop.
IV. NANORIBBON WITH
BILAYER/MONOLAYER/BILAYER
STRUCTURE
A. The Static Band Structure
In this section, the nanoribbon with bi-
layer/monolayer/bilayer structure is studied. Along
the width direction, the left, middle and right sections
of the nanoribbon have N1, N2 and N3 rectangular unit
cells of bilayer, monolayer and bilayer graphene, so that
the structure is designated as ZN1,N2,N3 , as shown in
Fig. 4(a,c,e,g). The stacking order of the left (right)
bilayer section is AB (BA). The zigzag nanoribbon
contains six zigzag edges. We designate the composite
index of lattice site (i, κ) at each zigzag termination
as following: zigzag terminations at left (right) open
boundary of the top and bottom layers as ZtL and Z
b
L
(ZtR and Z
b
R), respectively; the zigzag termination at
the bilayer/monolayer (monolayer/bilayer) boundary
as ZtBM (Z
t
MB). There are 32 nonequivalent magnetic
configurations for the six zigzag edges. The magnetic
configurations with the lowest energy obey these rules:
the magnetic moments at ZtL and Z
b
L (Z
t
R and Z
b
R) are
parallel; the magnetic moments at ZtL and Z
t
BM (Z
t
R
and ZtMB) are antiparallel; the magnetic moments at
ZtBM and Z
t
MB are antiparallel. In the absence of the
transversal electric field, the ground state that satisfies
these rules have magnetic configuration as shown in Fig.
4(a). The corresponding band structure is plotted in Fig.
4(b). The bands of spin up and down are degenerated.
The quasi-stable excited states are obtained by flip-
ping the magnetic moments at certain zigzag edges. In
order to obtain the quasi-stable excited state with low
energy, the zigzag edges are chosen so that small in-
teredge interaction is induced. Although the distance
between ZtBM and Z
t
MB is small, the interedge inter-
action (ZtBM ⇔ Z
t
MB) is small, because the interedge
superexchange is transferred through the bottom layer
by two inter-layer interactions. The interedge interac-
tions (Z
t(b)
L ⇔ Z
t(b)
R ) are also small due to large distance.
Thus, flipping the magnetic moment at ZtMB and Z
t(b)
R si-
multaneously induced the first quasi-stable excited state.
The magnetic configure and band structure of the first
quasi-stable excited state are plotted in Fig. 4(c) and (d),
respectively. One pair of gapless chiral edge states appear
7at the Fermi level for each spin. The interedge interac-
tions (ZtMB ⇔ Z
t(b)
R ) is sizable, so that flipping only the
the magnetic moment at Z
t(b)
R induced the second quasi-
stable excited state with higher energy. The magnetic
configure and band structure of the second quasi-stable
excited state are plotted in Fig. 4(e) and (f), respec-
tively. Two pairs of gapless chiral edge states appear
at the Fermi level for each spin. Flipping only the the
magnetic moment at Z
t(b)
L induced the degenerated sec-
ond quasi-stable excited states, as shown by the magnetic
configure and band structure in Fig. 4(g) and (h), respec-
tively.
B. The Adiabatic Evolution
As the transversal electric field starts to slowly oscil-
late, the adiabatic evolution of the system enters the hys-
teresis loop, as shown in Fig. 5. The two zigzag edges
in the middle of the nanoribbon, Zt
BM(MB), are hardly
impacted by the transversal electric field, so that they
remain the same magnetic configuration throughout the
whole hysteresis loop. As −Et passes the critical val-
ues Ec1t , E
c2
t , E
c3
t , E
c4
t , (de)magnetization of the zigzag
edge at ZbL and Z
t
R, Z
t
L and Z
b
R, Z
b
L and Z
t
R, Z
t
L and Z
b
R
occurs, respectively. The critical values of −Et are de-
termined by the condition that the difference of local po-
tential between the pair of zigzag terminations overcome
the effective exchange field due to the edge magnetic mo-
ment. Because this system is left-right symmetric, the
magnitudes of Ec1t and E
c4
t (E
c2
t and E
c3
t ) are the same.
Thus, the critical values are given as
(3N − 1)ac
2
|e||Ec1,c4t | ≈ +V +
fc
2
U |〈m0Z〉| (7)
and
(3N − 1)ac
2
|e||Ec2,c3t | ≈ −V +
fc
2
U |〈m0Z〉| (8)
The evolution steps from [3] to [4] ([8] to [9]) are critical
for the hysteresis loop. The directions of the magnetiza-
tion at the corresponding evolution step are determined
by the interedge interaction. For example, at the critical
evolution step from [3] to [4] as the magnitude of −Et
decreases, ZtL and Z
b
R are magnetized. Z
t
L is magnetized
to have antiparallel configuration with ZtBM due to the
strong intra-layer interedge interaction. Magnetization
of ZbR is determined by the interference between the in-
teredge interactions (ZbR ⇔ Z
t
(BM)MB), which is depen-
dent on the vertical gate voltage. As the vertical gate
voltage becomes large enough, ZbR is magnetized to have
parallel configuration with ZtMB, so that the quantum
state at [3] evolves to [4]. Similarly, the quantum state
at [8] evolves to [9]. As a result, the adiabatic evolution
enters the hysteresis loop. When −Et reaches zero, the
system is driven to one of the two degenerated second
quasi-stable excited states. In contrast, if the vertical
FIG. 5: The hysteresis loop of the adiabatic evolution of the
zigzag nanoribbon with bilayer/monolayer/bilayer structure.
The structural parameters are (N1 = 6, N2 = 1, N3 = 6). The
vertical gate voltage is V = 0.1 eV. The transversal electrical
field Et slowly oscillates between ±0.25 V/nm. The sequence
of the quantum state in the evolution starts from [1]→ [2]→
[3], and then enters circulates as [3]→ · · · → [12]→ [3]. The
vertical dashed lines marks the critical value of Et. At E
c1
t ,
Ec2t , E
c3
t , E
c4
t , (de)magnetization of the zigzag edge at Z
b
L and
ZtR, Z
t
L and Z
b
R, Z
b
L and Z
t
R, Z
t
L and Z
b
R occurs, respectively.
The distribution of magnetic moment of the ten states in the
hysteresis loop are plotted in the bottom.
gate voltage is small, ZbR is magnetized to have antipar-
allel configuration with ZtMB , so that the quantum state
at [3] evolves to [2]. In this case, the adiabatic evolution
always return to the ground state.
The numerical calculation with varying V found that
the minimum vertical gate voltage that drives the sys-
tem into the hysteresis loop is V = 0.065 eV . The four
critical values Ec1−c4t versus the vertical gate voltage are
extracted from the numerical result of each hysteresis
loop, and plotted in Fig. 6. By fitting the formula Eq.
(7) and (8), the numerical factor is fc = 0.863.
80.06 0.07 0.08 0.09 0.1 0.11
V (eV)
-0.2
-0.1
0
0.1
0.2
FIG. 6: The critical value of −Et in the hysteresis loop
versus the vertical gate voltage V . The structural parameters
are (N1 = 6, N2 = 1, N3 = 6). Numerical results of E
c1
t , E
c2
t ,
Ec3t , E
c4
t are plotted as black dots, blue empty dots, red stars,
green triangles, respectively. The analytical formulas that are
fit to the numerical results are plotted as black (solid), blue
(dashed), red (dotted), green (dash-dotted) lines, respectively.
V. CONCLUSION
In conclusion, the quantum states of graphene zigzag
nanoribbons with bilayer/monolayer(/bilayer) structure
are dependent on the configuration of the spontaneous
magnetic moments at the zigzag terminations. The verti-
cal gate voltage changes the interedge interactions among
the zigzag edges. In the presence of slowly oscillating
transversal electric field, the adiabatic evolution of the
system enters the hysteresis loop. As the transversal elec-
tric field reaches zero, the system is alternately driven
to two quantum states with different configuration of
the edge magnetism, and thus different total magnetic
moment. The nano-structures with electrically driven
oscillation of magnetic moment could be applicable in
graphene-based spintronic devices.
Acknowledgments
This project is supported by the National Natural Sci-
ence Foundation of China (Grant: 11704419).
References
[1] I. Zutic, J. Fabian, and S. D. Sarma, Rev. Mod. Phys.
76, 323 (2004).
[2] W. Han, R. K. Kawakami, M. Gmitra, and J. Fabian,
Nat. Nanotechnol. 9, 794 (2014)
[3] C.-C. Liu, W. Feng, and Y. Yao, Phys. Rev. Lett. 107,
076802(2011).
[4] M. Ezawa, Phys. Rev. Lett., 109, 055502(2012).
[5] Y. Ren, Z. Qiao, and Q. Niu, Rep. Prog. Phys. 79, 066501
(2016).
[6] M. Ezawa, Phys. Rev. B, 87, 155415(2013).
[7] M. Gmitra and J. Fabian, Phys. Rev. B 92, 155403
(2015).
[8] M. Gmitra, D. Kochan, P. Hogl, and J. Fabian, Phys.
Rev. B 93, 155104(2016).
[9] K. Zollner, M. Gmitra, T. Frank, and J. Fabian, Phys.
Rev. B 94, 155441(2016).
[10] A. W. Cummings, J. H. Garcia, J. Fabian, and S. Roche,
Phys. Rev. Lett. 119, 206601(2017).
[11] Ma Luo and Zhibing Li, Phys. Rev. B 96, 165424(2017).
[12] T. Frank, P. Hogl, M. Gmitra, D. Kochan, and J. Fabian,
Phys. Rev. Lett. 120, 156402(2018)
[13] Ma Luo, Phys. Rev. B 99, 165407(2019).
[14] P. Hogl, T. Frank, K. Zollner, D. Kochan, M. Gmitra,
and J. Fabian, Phys. Rev. Lett. 124, 136403(2020).
[15] Fufang Xu, Baolei Li, Hui Pan and Jia-Lin Zhu, Phys.
Rev. B, 75, 085431(2007).
[16] Jun Hu, Jason Alicea, Ruqian Wu, and Marcel Franz,
Phys. Rev. Lett. 109, 266801(2012).
[17] D. Marchenko, A. Varykhalov, M.R. Scholz, G.
Bihlmayer, E.I. Rashba, A. Rybkin, A.M. Shikin and O.
Rader, Nature Communications, 3, 1232(2012).
[18] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95,
226801(2005).
[19] Z. Qiao, W.-K. Tse, H. Jiang, Y. Yao, and Q. Niu, Phys.
Rev. Lett. 107, 256801(2011).
[20] Z. Qiao, S. A. Yang, W. Feng, W.-K. Tse, J. Ding,
Y. Yao, J. Wang, and Q. Niu, Phys. Rev. B 82,
161414(R)(2010).
[21] W.-K. Tse, Z. Qiao, Y. Yao, A. H. MacDonald, and Q.
Niu, Phys. Rev. B 83, 155447(2011).
[22] Z. Qiao, W. Ren, H. Chen, L. Bellaiche, Z. Zhang,
A. H. MacDonald, and Q. Niu, Phys. Rev. Lett. 112,
116404(2014).
[23] Ivar Martin, Ya. M. Blanter and A. F. Morpurgo, Phys.
Rev. Lett., 100, 036804(2008).
[24] M. Zarenia, J. M. Pereira, Jr., G. A. Farias and F. M.
Peeters, Phys. Rev. B, 84, 125451(2011).
[25] Zhenhua Qiao, Jeil Jung, Qian Niu and Allan H. Mac-
Donald, Nano Lett., 11, 3453-3459(2011).
[26] Jelena Klinovaja, Gerson J. Ferreira and Daniel Loss,
Phys. Rev. B, 86, 235416(2012).
[27] Fan Zhanga, Allan H. MacDonaldb and Eugene J. Melea,
9PNAS, 110, 10546-10551(2013).
[28] Xintao Bi, Jeil Jung and Zhenhua Qiao, Phys. Rev. B 92,
235421(2015).
[29] Ke Wang, Yafei Ren, Xinzhou Deng, Shengyuan A.
Yang, Jeil Jung and Zhenhua Qiao, Phys. Rev. B, 95,
245420(2017).
[30] Abolhassan Vaezi, Yufeng Liang, Darryl H. Ngai, Li Yang
and Eun-Ah Kim, Phys. Rev. X, 3, 021018(2013).
[31] Changhee Lee, Gunn Kim, Jeil Jung and Hongki Min,
Phys. Rev. B 94, 125438(2016).
[32] Long Ju, Zhiwen Shi, Nityan Nair, Yinchuan Lv, Chen-
hao Jin, Jairo Velasco Jr, Claudia Ojeda-Aristizabal,
Hans A. Bechtel, Michael C. Martin, Alex Zettl, James
Analytis and Feng Wang, Nature, 520, 650-655(2015).
[33] Jing Li, Ke Wang, Kenton J. McFaul, Zachary Zern,
Yafei Ren, Kenji Watanabe, Takashi Taniguchi, Zhenhua
Qiao and Jun Zhu, Nature Nanotechnology, 11, 1060-
1065(2016).
[34] W. Jasko´lski, Phys. Rev. B, 100, 035436(2019).
[35] Mitsutaka Fujita, Katsunori Wakabayashi, Kyoko
Nakada and Koichi Kusakabe, J. Phys. Soc. Jpn., 65,
1920-1923(1996).
[36] Toshiya Hikihara, Xiao Hu, Hsiu-Hau Lin and Chung-Yu
Mou, Phys. Rev. B, 68, 035432(2003).
[37] Atsushi Yamashiro, Yukihiro Shimoi, Kikuo Hari-
gaya and Katsunori Wakabayashi, Phys. Rev. B, 68,
193410(2003).
[38] Young-Woo Son, Marvin L. Cohen and Steven G. Louie,
Nature, 444, 347-349(2006).
[39] Young-Woo Son, Marvin L. Cohen and Steven G. Louie,
Phys. Rev. Lett., 97, 216803(2006).
[40] L. Pisani, J. A. Chan, B. Montanari and N. M. Harrison,
Phys. Rev. B 75, 064418(2007).
[41] B. Wunsch, T. Stauber, F. Sols and F. Guinea, Phys.
Rev. Lett., 101, 036803(2008).
[42] J. Ferna´ndez-Rossier, Phys. Rev. B, 77, 075430(2008).
[43] J. Jung and A. H. MacDonald, Phys. Rev. B, 79,
235433(2009).
[44] Jun-Won Rhim and Kyungsun Moon, Phys. Rev. B, 80,
155441(2009).
[45] Sankaran Lakshmi, Stephan Roche and Gianaurelio Cu-
niberti, Phys. Rev. B, 80, 193404(2009).
[46] J. Jung, T. Pereg-Barnea and A. H. MacDonald, Phys.
Rev. Lett., 102, 227205(2009).
[47] Oleg V Yazyev, Rep. Prog. Phys., 73, 056501(2010).
[48] Y. Hancock, A. Uppstu, K. Saloriutta, A. Harju and M.
J. Puska, Phys. Rev. B 81, 245402(2010).
[49] J. Jung and A. H. MacDonald, Phys. Rev. B, 81,
195408(2010).
[50] Manuel J. Schmidt and Daniel Loss, Phys. Rev. B, 82,
085422(2010).
[51] He´le`ne Feldner, Zi Yang Meng, Thomas C. Lang, Fakher
F. Assaad, Stefan Wessel and Andreas Honecker, Phys.
Rev. Lett., 106, 226401(2011).
[52] David J. Luitz, Fakher F. Assaad and Manuel J. Schmidt,
Phys. Rev. B, 83, 195432(2011).
[53] Jeil Jung, Phys. Rev. B, 83, 165415(2011).
[54] F. J. Culchac, A. Latge´ and A. T. Costa, New J. Phys.,
13, 033028(2011).
[55] Manuel J. Schmidt, Phys. Rev. B, 86, 075458(2012).
[56] D. Soriano and J. Ferna´ndez-Rossier, Phys. Rev. B 85,
195433(2012).
[57] H. Karimi and I. Affleck, Phys. Rev. B, 86, 115446(2012).
[58] Manuel J. Schmidt, Michael Golor, Thomas C. Lang and
Stefan Wessel, Phys. Rev. B, 87, 245431(2013).
[59] Michael Golor, Thomas C. Lang and StefanWessel, Phys.
Rev. B, 87, 155441(2013).
[60] Somnath Bhowmick, Amal Medhi and Vijay B. Shenoy,
Phys. Rev. B, 87, 085412(2013).
[61] Liang Feng Huang, Guo Ren Zhang, Xiao Hong Zheng,
Peng Lai Gong, Teng Fei Cao and Zhi Zeng, J. Phys.:
Condens. Matter, 25, 055304(2013).
[62] V. V. Ilyasov, B. C. Meshi, V. C. Nguyen, I. V. Ershov
and D. C. Nguyen, AIP Adv., 3, 092105 (2013).
[63] A. R. Carvalho, J. H. Warnes and C. H. Lewenkopf, Phys.
Rev. B, 89, 245444(2014).
[64] J. L. Lado and J. Ferna´ndez-Rossier, Phys. Rev. Lett.,
113, 027203(2014).
[65] Michael Golor, Stefan Wessel and Manuel J. Schmidt,
Phys. Rev. Lett., 112, 046601(2014).
[66] V. M. L. Durga Prasad Goli, Suryoday Prodhan,
Sumit Mazumdar and S. Ramasesha, Phys. Rev. B, 94,
035139(2016).
[67] J. P. C. Baldwin and Y. Hancock, Phys. Rev. B, 94,
165126(2016).
[68] R. Ortiz, J. L. Lado, M. Melle-Franco and J. Ferna´ndez-
Rossier, Phys. Rev. B, 94, 094414(2016).
[69] I. Hagyma´si and O¨. Legeza, Phys. Rev. B, 94,
165147(2016).
[70] H. U. O¨zdemir, A. Altıntas and A. D. Gu¨clu¨, Phys. Rev.
B, 93, 014415(2016).
[71] Joseph S. Friedman, Anuj Girdhar, Ryan M. Gelfand,
Gokhan Memik, Hooman Mohseni, Allen Taflove, Bruce
W. Wessels, Jean-Pierre Leburton and Alan V Sahakian,
Nat. Commun., 8, 15635(2017).
[72] Zheng Shi and Ian Affleck, Phys. Rev. B, 95,
195420(2017).
[73] Xiao Long Lu¨, Yang Xie and Hang Xie, New J. Phys.,
20, 043054(2018).
[74] F. Mun˜oz-Rojas, J. Ferna´ndez-Rossier and J. J. Palacios,
Phys. Rev. Lett., 102, 136810(2009).
[75] Wang Yang-Yang, Quhe Ru-Ge, Yu Da-Peng and Lu¨
Jing, Chin. Phys. B, 24, 087201(2015).
[76] Min Zhou, Hao Jin, and Yanxia Xing, Phys. Rev. Appl.
13, 044006(2020).
[77] Ma Luo, Phys. Rev. B, 102, 075421(2020).
[78] Pascal Ruffieux, Shiyong Wang, Bo Yang, Carlos
Sa´nchez-Sa´nchez, Jia Liu, Thomas Dienel, Leopold
Talirz, Prashant Shinde, Carlo A. Pignedoli, Daniele
Passerone, Tim Dumslaff, Xinliang Feng, Klaus Mu¨llen
and Roman Fasel, Nature, 531, 489-492(2016).
[79] Ga´bor Zsolt Magda, Xiaozhan Jin, Imre Hagyma´si, Pe´ter
Vancso´, Zolta´n Osva´th, Pe´ter Nemes-Incze, Chanyong
Hwang, La´szlo´ P. Biro´ and Levente Tapaszto´, Nature,
514, 608-611(2014).
[80] Michael Slota, Ashok Keerthi, William K. Myers, Evgeny
Tretyakov, Martin Baumgarten, Arzhang Ardavan, Hatef
Sadeghi, Colin J. Lambert, Akimitsu Narita, Klaus
Mu¨llen and Lapo Bogani, Nature, 557, 691-695(2018).
[81] W. Eerenstein, N. D. Mathur and J. F. Scott, Nature,
442, 759-765(2006).
[82] Kyu Won Lee and Cheol Eui Lee, Phys. Rev. B, 95,
195132(2017).
[83] Girish Sharma, Sophia E. Economou and Edwin Barnes,
Phys. Rev. B, 96, 125201(2017).
[84] A. L. Rakhmanov, A. O. Sboychakov, K. I. Kugel,
A. V. Rozhkov and Franco Nori, Phys. Rev. B, 98,
10
155141(2018).
[85] R. Ortiz, N. A. Garcia-Martinez, J. L. Lado, and J.
Fernandez-Rossier, Phys. Rev. B, 97, 195425(2018).
